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Note

Answer ALL questions. Each question will be marked out of 20. The paper will be marked

out of 80, which will be rescaled to a mark out of 100.

Question 1 [Numbers & Sets]

(a) Let x be a variable storing a 10-bit floating point encoding with 1 bit for sign, 4 bits

for exponent, and 5 bits for mantissa.

(i) Currently, x stores the bit-pattern 1 1110 00100.

What number r ∈ R does x represent? Explain your answer. [3 marks]

Let trunc be the function from R to Z which truncates any real number to an
integer. Meaning: for x ∈ R, trunc(x) ∈ Z and 0 ≤ x − trunc(x) < 1.

(ii) Is the function trunc injective? surjective? bijective? Explain your answers.

[4 marks]

Let y be a variable storing an 8-bit two’s complement integer encoding.

(iii) Let n = trunc(r) for r ∈ R as obtained in part (i).
How would n be represented into variable y? Explain your answer. [3 marks]

(b) Let A, B and C be three sets.

(i) Write a set expression, using the union (∪), intersection (∩) and difference (\)
operators, that describes the set X shaded in the following Venn diagram.

A B

C

[2 marks]

Now take the three sets A, B and C to be defined as follows:

A = {n ∈ N | n ≡ 0[2]}
B = {n ∈ Z | n2 ≤ 10}
C = {x ∈ R | x ≤ −

√
2}
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(ii) Which of the following numbers belong to the set X that you gave in (i)?

−18,−3,
√
2, 24

Explain your answer. [4 marks]

(iii) Among these three sets, one is finite, one is countably infinite and one is

uncountable. Which is which? Explain your answer briefly. [4 marks]

Hint: You can use that R+ = {x ∈ R | x ≥ 0} is uncountable.

Question 2 [Linear Algebra]

Throughout this question, the field is real numbers (with usual addition and multiplication).

(a) State the definition of x⃗ and α being eigenvector and eigenvalue of a matrix A.

[2 marks]

(b) Determine the eigenvectors and eigenvalues of the following matrices (show all your

working and justification)

A1 =

(
3 1

0 −27

)
, A2 =

 4/7 0 00 0 1

0 1 0


[10 marks]

(c) Find the inverse of the following matrix, using Gaussian Elimination (show all your

working)

A3 =

 1 0 2

0 1/2 −1
−1 −1 1


[5 marks]

(d) Find the determinant of the following matrix (show all your working and justification)

A4 =

 1 −3 2

−2 6 −4
−1 4 1


[3 marks]
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Question 3 [Propositional Logic]

Let G be the formula (¬¬A ∨ B)→ ¬(¬B ∧ ¬A), and
let H be the formula (A ∧ ¬B → C)→ (A→ ¬B)→ ¬C → ¬A.
(See the logic appendix below for the Natural Deduction rules for Propositional Logic.)

(a) Provide parse trees corresponding to G and H. [4 marks]

(b) Provide a constructive Natural Deduction proof of G. [6 marks]

(c) Provide a constructive Natural Deduction proof of H. [6 marks]

(d) Provide: (i) an example of a formula that is satisfiable, but not valid, and (ii) an

example of a formula that is not satisfiable. Both formulas should use the variables

A and B and no others. [4 marks]

Question 4 [Predicate Logic]

Consider the following signature:

• Function symbols: zero (arity 0); succ (arity 1)

• Predicate symbols: < (arity 2); ≤ (arity 2)

We will use infix notation for the binary symbols < and ≤. For simplicity we write 0 for
zero, 1 for succ(zero), 2 for succ(succ(zero)), etc. Consider the following formulas

that capture properties of the above symbols:

• let S1 be ¬∃x.x < 0

• let S2 be ∀x.∀y .¬x < y → y ≤ x

• let S3 be ∃x.¬0 < x

(See the logic appendix below for the Natural Deduction rules for Predicate Logic.)

(a) Provide a constructive Natural Deduction proof of:

(S2)→ (S3)→ ∃x.x ≤ 0

[6 marks]

(b) Provide a constructive Natural Deduction proof of:

(S1)→ (S2)→ ∀x.0 ≤ x

[8 marks]

(c) Provide a modelM1 such that ⊨M1 S2 and a modelM2 such that ⊨M2 ¬S2. [6 marks]

End of Questions – See below for the Logic appendix
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Logic appendix

1 Propositional Logic

1.1 Syntax

The syntax of propositional logic formulas is defined by the following grammar, where a

ranges over atomic propositions (atoms):

P ::= a | P ∧ P | P ∨ P | P → P | ¬P

There are two special atoms: ⊤ which stands for True, and ⊥ which stands for False.
We use the following precedence and associativity rules:

• Precedence: in decreasing order of precedence ¬,∧,∨,→.

• Associativity: all operators are right associative

1.2 Constructive Natural Deduction

⊥
A

[⊥ E]
⊤

[⊤I]

A
1

....
B

A→ B
1 [→ I] A→ B A

B
[→ E]

A
1

....
⊥
¬A

1 [¬I] ¬A A
⊥

[¬E]

A
A ∨ B

[∨IL]
A
B ∨ A

[∨IR]
A ∨ B A→ C B → C

C
[∨E]

A B
A ∧ B

[∧I] A ∧ B
B

[∧ER]
A ∧ B
A

[∧EL]

1.3 Classical Natural Deduction

It includes all the Constructive Natural Deduction rules, plus:

A ∨ ¬A
[LEM]

¬¬A
A

[DNE]
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1.4 Truth Tables

A B A ∨ B
T T T

T F T

F T T

F F F

A B A ∧ B
T T T

T F F

F T F

F F F

A B A→ B
T T T

T F F

F T T

F F T

A ¬A
T F

F T

⊤
T

⊥
F

2 Predicate Logic

2.1 Syntax

The syntax of predicate logic is defined by the following grammar:

t ::= x | f (t, . . . , t)
P ::= p(t, . . . , t) | ¬P | P ∧ P | P ∨ P | P → P | ∀x.P | ∃x.P

There are two special predicate symbols of arity 0: ⊤ which stands for True, and ⊥
which stands for False.

2.2 Natural Deduction

The Natural Deduction rules for Predicate Logic include all Proposition Logic rules plus

the following rules:

P[x\y ]
∀x.P

[∀I] ∀x.P
P[x\t]

[∀E]
P[x\t]
∃x.P

[∃I]
∃x.P

P[x\y ]
1

....
Q

Q
1 [∃E]

Side conditions:

• for [∀I]: y must not be free in any not-yet-discharged hypothesis or in ∀x.P

• for [∀E]: fv(t) must not clash with bv(P)

• for [∃I]: fv(t) must not clash with bv(P)

• for [∃E]: y must not be free in Q or in not-yet-discharged hypotheses or in ∃x.P

2.3 Semantics

Given a signature: ⟨⟨f k11 , . . . , f knn ⟩, ⟨p
j1
1 , . . . , p

jm
m ⟩⟩

• of function symbols fi of arity ki , for 1 ≤ i ≤ n

• of predicate symbols pi of arity ji , for 1 ≤ i ≤ m
– 6 – Turn Over



Non-alpha only

a model M is a structure ⟨D, ⟨Ff1, . . . ,Ffn⟩, ⟨Rp1, . . . ,Rpm⟩⟩

(a) of a non-empty domain D

(b) interpretations Ffi ∈ Dki → D for function symbols fi

(c) interpretations Rpi ⊆ Dji for function symbols pi

A variable valuation v is a partial function from variables to D

Given a model M and a variable valuation v , we assign meaning to terms and formulas as

follows:

• Meaning of terms:

– JxKMv = v(x)

– Jf (t1, . . . , tn)KMv = Ff (⟨Jt1KMv , . . . , JtnKMv ⟩)

• Meaning of formulas:

– ⊨M,v ⊤ is true

– ⊨M,v ⊥ is false

– ⊨M,v p(t1, . . . , tn) iff ⟨Jt1KMv , . . . , JtnKMv ⟩ ∈ Rp
– ⊨M,v ¬P iff ¬⊨M,v P
– ⊨M,v P ∧Q iff ⊨M,v P and ⊨M,v Q
– ⊨M,v P ∨Q iff ⊨M,v P or ⊨M,v Q
– ⊨M,v P → Q iff ⊨M,v Q whenever ⊨M,v P
– ⊨M,v ∀x.P iff for every d ∈ D we have ⊨M,(v,x 7→d) P
– ⊨M,v ∃x.P iff there exists a d ∈ D such that ⊨M,(v,x 7→d) P
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